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C<l ■ Abstract 



In this paper, we study horn-Lie superalgebras. We give the definition of hom- 
Nijienhuis operators of regualr horn-Lie superalgebras and show that the deformation 
■■p ■ generated by a hom-Nijienhuis operator is trivial. Moreover, we introduce the definition 

of T*-extensions of Horn-Lie superalgebras and show that T*-extensions preserve many 
properties such as nilpotency, solvability and decomposition in some sense. We also in- 
vestigate the equivalence of T*-extensions. 
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Lie superalgebra, deformations 
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cn ■ 1 Introduction 

A Hom-Lie algebra is a triple (L, [■,-]i,a), where a is a linear self-map, in which the 
/\ . skewsymmetric bracket satisfies an a-twisted variant of the Jacobi identity, called the 

j^ i Hom- Jacobi identity. When a is the identity map, the Hom- Jacobi identity reduces 

to the usual Jacobi identity, and L is a Lie algebra. The notion of hom-Lie algebras 
was introduced by Hartwig, Larsson and Silvestrov to describe the structures on certain 
deformations of the Witt algebra and the Virasoro algebra [7]. Hom-Lie algebras are also 
related to deformed vector fields, the various versions of the Yang-Baxter equations, braid 
group representations, and quantum groups[7,12,13]. Recently, hom-Lie algebras were 
generalized to hom-Lie superalgebras by Ammar and Makhlouf [1-3]. More applications 
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of the horn-Lie algebras, hom-algebras and horn-Lie superalgebras can be found in [6-8, 
11-13] 

In this paper we introduce an extensional technique called T*-extensional for horn-Lie 
superalgebra. This method is a one-step procedure, so it is usually workable. In 1997, 
Bordemann introduced the notion of T*-extension of Lie algebras(see [5]), which is one 
of the main tools to prove that every symplectic Manin quadratic Lie algebra is a special 
symplectic algebra in [1]. Many facts show that T*-extension is an important method to 
study algebraic structures [4, 5, 9] 

The paper proceeds as follows. In Section 2 after giving the definition of hom-Lie 
superalgebras, we show that the direct sum of two hom-Lie superalgebras is still a hom-Lie 
superalgebra. A linear map between hom-Lie superalgebras is a morphism if and only if 
its graph is a hom-Lie sub-superalgebra. Section 3 we give the definition of hom-Nijienhuis 
operators of regualr hom-Lie superalgebras. We show that the deformation generated by 
a hom-Nijienhuis operator is trivial. Section 4 after presents a summary of some of the 
relevant concepts, we introduces the definition of T*-extension of hom-Lie superalgebra 
and shows that T*-extension preserves many properties such as nilpotency, solvability and 
decomposition in some sense. Section 4 discusses the equivalence of T*-extensions using 
cohomology. 

2 Preliminaries 

Definition 2.1. (1) A hom-Lie superalgebra is a triple {L, [■, ■]L,a) consisting of a Z2- 
graded vector space L, an even bilinear map (bracket) [■,-]l : A^L -^ L and an even 
homomorphism a : L ^ L satisfying 

[x,y]L = -{-l)\^\\y\[y,x]L, (1) 

(-l)NI^I[a(x), [y,z],]L + (-l)l'^ll^'l[a(i/), [z,xU]l + (-l)l^ll^l[a(^), [x,y]^]z. = 0, (2) 
where x, y and z are homogeneous elements in L; 

(2) A hom-Lie superalgebra is called a multiplicative hom-lie superalgebra if a is an 
algebraic morphism, i.e. for any x,y, G L, we have a([x,y]i) = [a{x),a{y)]L; 

(3) A hom-Lie superalgebra is called a regular hom-lie superalgebra if a is an algebra 
automorphism; 

(4) The center of hom-Lie superalgebras L, denoted by Z{L), is the set of such ele- 
ments x E L satisfying [x,L] = 0; 

(5) A sub-vector space I <Z L is a hom-Lie sub superalgebra of (L, [-, ■]l, a) if a{I) C / 
and I is closed under the bracket operation [-, -ji, i.e. [I,I]l ^ I; 

(6) I is called a hom-Lie superalgebra ideal of L if [/, L\l C /. Moreover, if [/, /] = 0, 
then I is called an abelian hom-Lie superalgebra ideal of L. Note that a subspace L of L 
has a natural Z 2- gradation: L = {L n Lg) © (L fl Lj). 



In the sequel, u + v E L (B T implies that u E L, v E T and m + f is homogeneous 
satisfying \u + v\ = \u\ = \v\, then (-i)l«i+^ill«2+^2| = (_i)hill«2|_ 

Proposition 2.2. Given two horn-Lie superalgebras (L, [-, ■]/,, a) and (F, [■, ■]r, (3), there is 
a horn-Lie superalgebra (L©r, [■, -JL^r, «+/?), where the bilinear map [-, ■]L®r '■ A^(L©r) — )■ 
L (BT is given by 

[ui + vi,U2 + t^2]Ler = ["1' "2]l + [^1, ^^2]r, Vmi, U2 e L,vi,V2e r, 
and the linear map (a + /3) : L © F — )> L © F zs g'wen by 

{a-^ /3){u-^v) = a{u)-^ /3{v), \/ue L,v eV. 
Proof, for any -Uj G L, f j G F, we have 

[mi + vi, U2 + t^2]Ler = Ni' "2]^ + bi, ^2]r, 

-(-l)l"^""^lK + t'2,«i + t'i]ier = -(-l)l"^ll"^l(K,txi]^ + h,t'i]r) 

= [mi,M2]l + K,^^2]r, 

The bracket is obviously supersymmetric and with a direct computation we have 

(_l)l«i||«3|[(^ ^ ^)(^^ ^ ^^)^ [^2 + ^2, M3 + t;3]Ler]L®r + c.p.((Mi + t;i), (^2 + ^^2), (% + v^)) 
= (-l)l«ill«3l [tt(^^) + /3(^^)^ [„2, Hi + h, vs]r]Ler + c.p. 

= (-l)l«^ll"«l[aK),[M2,%]L]L + c.p.K,ix2,H + (-l)l"^ll"^l[/3K),h,^3]r]r + c.p.(t;i,t;2,t;3) 
= 0. 

where c.p.(a,b,c) means the cyclic permutations of a, b, c. D 

Definition 2.3. Let {L, [■, -JLitt) and (F, [■, -Jr,/?) be two hom-Lie superalgebras. An even 
homomorphism (j) : L ~^T is said to be a morphism of Hom-lie superalgebras if 

0[m, v]l = [0(m), 0(f )]r, Vm, V el, (3) 

(po a = a o (p. (4) 

Denote by (5^ G L © F i/ie graph of a linear map (f) : L ^ T. 

Proposition 2.4. An even homomorphism : {L, [-, -Jl, a) — )■ (F, [-, -jr, /?) is a morphism 
of hom-Lie superalgebras if and only if the graph ©^ G L©F zs a hom-Lie sub-superalgebra 

0/ (L©F,[-,-]ier, « + /?)• 

Proof. Let : (L, [-, ■]l, a) — )■ (F, [-, -jr, (3) be a morphism of hom-Lie superalgebras, 
then for any u,v & L, we have 

[u + 0(m), t; + (t){v)]Ler = [u, v]l + [0(m), 0(t;)]r = [m, ^^Jl + 0[m, v]l. 



Thus the graph 0^ is closed under the bracket operation [-j-JLer- Furthermore, by (4), 
we have 

(a + f3){u + 4>{u)) = a{u) + f3 o (j){u) = a{u) + o a{u) 

which imphes that (a + /3)(0<^) C 0^. Thus 0^ is a horn-Lie sub-superalgebra of (L © 

r, [■,■]L®^,a + /3)• 
Conversely, if the graph (S^ C L(BT is a horn-Lie sub-superalgebra of {L(BT, [-, -Jier, «+ 
(3), then we have 

[m + 0(m), t; -h 0(f )]Ler = [u, v]l + [0(m), 0(^^)]r e (S<^, 

which implies that 

[(f){u),(j){v)]r = (j)[u,v]L. 

Furthermore, (a -|- /3)(C!50) C 0<^ yields that 

(a + (3){u + 0(m)) = «(«) + /3 o 0(m) G 00, 

which is equivalent to the condition f3 o 0(-u) = o a(-u), i.e. /3 o = o a. Therefore, iS,^ 
is a morphism of hom-Lie superalgebras. D 

3 The hom-Nijienhuis operator of hom-Lie superal- 
gebras 

Let (L, [-, ■]l, a) be a multiphcative hom-Lie superalgebra. We consider that L represents 
on itself via the bracket with respect to the morphism a. 

Definition 3.1. ^3] For any integer s, the a'^-adjoint representation of the multiplicative 
hom-Lie superalgebra (L, [-, ■]l,q;), which we denote by ads, is defined by 

Sids{u){v) = [a^{u),v]L,^u,v G L 

In particular we use ad represent ado- 

Lemma 3.2. [^J With the above notations, we have 

ads(a('u)) o a = a o ads('u); 

ads(['U, v]l) o a = ads{a{u)) o ads(f ) — {—ly'^'''"' ads{a{v)) o auds{u). 
Thus the definition of a^ -adjoint representation is well defined. 

The set of k-hom-cochains on L with coefficients in L, which we denote by C^{L; L) 
is given by 

C'^mL) = {feC\L;L)\aof = foa}. 



In particular, the set of 0-hom-cochains are given by: 

C°(L;L) = {ueL\a{u) = u}. 

Associated to the a*-adjoint representation, the coboundary operator ds : C^{L; L) — )■ 
C^+^(L; L) is given by 



_l_ \^('_]_y+i('_]_~\(l«o|+---+|«i-i|)|«i|/ ]_\(|«o|+---+|«j-i|)|'Uj|/_]_yMi||«j| 



f{[ui, Uj], a{uo), ■ ■ ■ , a{ui), ■ ■ ■ , «(«»), ■ ■ ■ , a(Mfc)) 

For the a^-adjoint representation adg, we obtain the a*-adjoint complex {C^{L; L) , d^) 
and the corresponding cohomology 

H\L; ads) = Z\L; ads)/B\L; ad,). 

Let ip G C^{L] L) be a bilinear operator commuting whit a. Consider a t-parametrized 
family of bilinear operations 

[u,v]t=[u,v]L + t^{u,v). (5) 

Since ip commutes with a, a is a morphism with respect to the bracket [■, ■]t for every 
t. If all the brackets [■, ■]t endow (L, [-, -jt, a) regular hom-Lie superalgebra structures, we 
say that ip generates a deformation of the regular hom-Lie superalgebra (L, [-, ■]l, a). By 
computing the hom-superJacobi identity of [■,■]*, this is equivalent to the conditions 

{-l)\^\\^\{^{a{u),^[v, w])) + c.p.{u, V, w) = 0; (6) 

(-l)HH(^(c,(«), ly^nj]L) + [a{u),i^[v,w]L]L) + c.p.{u,v,w) = 0. (7) 

Obviously, (6) means that tp must itself define a hom-Lie superalgebra structure on L. 
Furthermore, (7) means that ip is closed with respect to the Q;~^-adjoint representation 
ad_i, i.e. d-iip = 0. 

A deformation is said to be trivial if there is a linear operator A^ G C^{L] L) such 
that for Tt = Id + tN, there holds 

Tt[u,v]t = [Tt{u),Tt{v)]L. (8) 

Definition 3.3. 01]/ A linear operator N G C^{L,L) is called a hom-Nijienhuis operator 
if we have 

[Nu,Nv]l = N[u,vU, (9) 

where the bracket [■,-]n is defined by 

[u, v]n = [Nu, v]l + [u, Nv]l - N[u, v]l. (10) 



Theorem 3.4. Let N G C^{L,L) be a hom-Nijienhuis operator. Then a deformation of 
the regular horn-Lie superalgebra {L, [-, ■]L,<y) can be obtained by putting 

ip{u,v) = d-iN{u,v) = [u,v]n- 

Furthermore, this deformation is trivial. 



Proof. Since ip = d-iN, d-iip = is valid. To see that ip generates a deformation 
we need to check the hom-superJacobi identity for ip. Using the explicit expression of ip 
we have 

-1)1" ^'"^■ip{a{u),ip{v, w)) + c.p.{u, V, w) 
-1)1" '""'[«(«), [v, w]n]n + c.p.{u, V, w) 

-1)1" '""'([aH, [Nv, w]l + [v, Nw]l - N[v, w]l]n) + c.p.{u, v, w) 
-l)l"l"'l([a(M),[iVt;,«;]L]jv + [a{u),[v, Nw]l]n - [a{u), N[v,w]l]n) + c.p.{u,v,w) 
-1)1" l"'l([iVa(M), [Nv,w]l]l + Hu),N[Nv,w]l]l - N[aiu), [Nv,w]l]l 
+ [Na{u), [v, Nw]l]l + Hu), N[v, Nw]l]l - N[a{u), [v, Nw]l]l 
-[Na{u), N[v, w]l]l - [a{u), N^[v, w]l]l + N[a{u), N[v, w]l]l) + c.p.{u, v, w). 



Since 



[a{u),N''[v,w]L]i 



[a{u), N[Nv, w]l]l + [«(«), N[v, Nw]l]l 
= [a{u), N{[Nv, w]l + [v, Nw]l - N[v, w]l)]l 
= [a{u),N[v,w]N]L- 

Therefore, we have 

{-lp\^\-^{a{u),ip{v, w)) + c.p.{u, V, w) 

= (-l)l"ll"'l([iVa(M), [Nv,w]l]l - N[a{u), [Nv,w]l]l + [Na{u), [v,Nw]l]l 

-N[a{u), [v, Nw]l]l - [Na{u), N[v, w]l]l + N[a{u), N[v, w]l]l + [a{u), N[v, w]n]l) 
+ {-l)\-M{[Na{v), [Nw,u]l]l - N[a{v), [Nw,u]l]l + [Na{v), [w,Nu]l]l 
-N[aiv), [w, Nu]l]l - [Na{v), N[w, u]l]l + N[aiv), N[w, u\l\l + Hv), N[w, u]n]l) 
+ (-l)l"ll"'l([iVaH, [Nu,v]l]l - N[aiw), [Nu,v]l]l + [Naiw), [u,Nv]l]l 
-N[a{w), [u, Nv]l]l - [Na{w), N[u, v]l\l + N[a{w), N[u, v]l]l + Hw), N[u, v]n]l) 

= (-l)l"""'l[iVa(M), [Nv,w]l]l + (-1)1^11^1 [iVa(t;), [w,Nu]l]l 
+ (-l)l"ll"'l [a{w), N{[u, v]n)]l + c.p.{u, v, w) 
+ i-lp\-\iN[aiv),N[w,u]L]L-N[aiv),[w,u]L]L) + c.p.iu,v,w) 
-iV((-l)HI»l [«(«), [Nv,w]l]l + (-1)1^11^1 [aH, [u,Nv]l]l) + c.p.{u,v,w). 

Since N commutes with a, by the hom-superJacobi identity of L, we have 

(_l)HH[iVa(tz), [iVt;,ti;]i]i+(-l)l"IM[«(iV^), [^i;,iVM],.]^+(-l)l-IH[«(ti;), [iVM,iVt;]^]i = 0. 



Since N is a hom-Nijienhuis operator, we have 

(_l)HI-l[iVaH, [NvMl]l + (-l)l"ll'^l[a(iVt;), [w,Nu]l]l + (-l)l'^ll"l[aH, [uMn]l 
+c.p.{u,v,w) = 0. 

Furthermore, also by the fact that A^ is a hom-Nijienhuis operator, we have 

{-l)\-\M{N[a{v),N[w,u]L]L-N[a{v),[w,u]L]L) + c.p.{u,v,w) 
= (-lp\-\(-N[Naiv),[w,u]L]L + N^Hv),[w,u]l]l) + c.p.iu,v,w) 
= -(-l)\-MN[Na{v), [w,u]l]l + {-Ip^^'^N^Hv), [w,u]l]l) + c.p.{u,v,w). 

Thus by the hom-superJacobi identity of L, we have 

(_l)l«lbl(iV[a(t;), N[w, u]l]l - N[a{v), [Nw, u]l]l) + c.p.{u, v, w) 
= -{-lp\-\N[Na{v), [w, u]l]l + c.p.{u, v, w). 

Therefore, we have 

(-l)l"ll"'l^(a(M), ^(t;, w)) + c.p.iu, V, w) 
= -{-l)\-\\-\N[Na{v), [w,u]l]l - N{{-lp\^\[a{u), [Nv,w]l]l 

+ {-iy''\\^\[a{w),[u,Nv]L]L) + c.p.{u,v,w) 
= -N{{-lp\%{Nv), [w,u]l]l + (-l)l"ll"'l[aH, [Nv,w]l]l 

+ {-lt\\^\[a{w),[u,Nv]L]L) + c.p.{u,v,w) 
= 0. 

Thus i/j generates a deformation of the hom-Lie superalgebra (L, [-, -j^, a). 
Let Tf = Id + tN, then we have 

Tt[u,v]t = iId + tN){[u,v]L + ttPiu,v)) 

= {Id + tN){[u,v]L + t[u,v]N) 

= [u, v]l + t{[u, v]n + N[u, v]l) + t^N[u, v]n. 

On the other hand, we have 

[Tt{u),Tt{v)]L = [u + tNu,v + tNv]L 

= [u, v]l + t{[Nu, v]n + [u, Nv]l) + t^[Nu, Nv]l. 

By (9), (10), we have 

Tt[u,v]t = [Tt{u),Tt{v)]L, 

which imphes that the deformation is trivial D 



4 T*-extension of horn-Lie superalgebras 

Definition 4.1. Let {L, [■,-]l,q;) be a horn-Lie superalgebras. A bilinear form f on L is 
said to be nondegenerate if 

L^ = {xeL\f{x,y) = 0,\/yeL} = 0, 

invariant if 

f{[x,y],z) = f{x,[y,z]),yx,y,z G L, 

supersymmetric if 

f(x,y) = -i-lp\y\fiy,x), 

A subspace I of L is called isotropic if I (^ I^. 

Definition 4.2. A bilinear form f on a hom-Lie superalgebras (L, [-, ■]l,o:) is said to be 
superconsistent if f satisfies 

f{x,y) = 0,Vx e L|^|,y G L|j,|, |x| + \y\ 7^ 0. 

Throughout this paper, we only consider superconsistent bilinear forms. 

Definition 4.3. Let {L, [■, -Jl, a) be a hom-Lie superalgebras over a field K. If L admits a 
nondegenerate invariant supersymmetric bilinear form f , then we call {L, /, a) a quadratic 
hom-Lie superalgebras. In particular, a quadratic vector space V is a Z2-graded vector 
space admitting a nondegenerate supersymmetric bilinear form. 

// (L , [-, -j'^, /3) be another hom-Lie superalgebra. Two quadratic quadratic hom-Lie 
superalgebras (L, /, a) and (L , /', (3) are said to be isometric if there exists a hom-Lie 
superalgebras isomorphism (p : L ^ L such that f{x,y) = f'{cl){x),(f){y)),\/x,y G L. 

Definition 4.4. Let {L, [-,■]/,, a) be a hom-Lie superalgebras over a field K. We say a 
Z2-graded vector space V = VqQ)Vi is a graded L-module if 

Lg -Vh '^ Vg+h, 

for every g,h G Z2 and 

[x,y] ■ V = X ■ {y ■ v) — {—ly^''^'y ■ {x ■ v), 
for every t> G V, x, y G L. 

Now we introduce the cohomology theory of hom-Lie superalgebras, which can be 
find in [3j. 

Let V = Vo®Vihea graded L-module. Denote by C'iL; V){n > 0, C^{L; V) = V) 
the Z2-graded vector space spanned by all n-linear homogenous mappings / of L x • • • x L 
into V satisfying 



where C^{L; V)e = {/ G C"(L; V)\\f{x^, ■ ■ ■ ,x„)| = |xi| + ■ ■ ■ + |x„| +9},9e Z^. 

Then C^{L; V) is a graded L-module: If x G L and / G C^{L\ V), the action of L on 
C"(L; 1/) is defined by 

n 

(x-/)(xi, ■ ■ ■ ,x„) = x-/(xi, ■ ■ ■ ,x„)-^(-l)l^l(l^l+l^^l+-+l^»-l)/(xi, ■ ■ ■ , [x,x,], ■ ■ ■ ,x„). 
For a given r, we define a map 5" : C"(L; V^) — > C"+^(L; y) by 

n 

_l_ \^ {_iy+\^j\i\^i+i\+-+\^j-i\) 

■f{a{xo),--- , a{xi_i),[xi, Xj], a{xi+i), ■ ■ ■ ,a{xj),--- ,Oi{xn)), 

Then 5^/ = 0,V/ G C"(L,\/). The mapping / G C"(L,y) is called an n-cocycle if 
Sf = 0. We denote by Z^{L, V) the subspace spanned by ra-cocycles. Since S'^f = for 
any / G C"(L, \^), (5C"^^(L, \^) is a subspace of Z'^(L, V). Therefore we can define a 
cohomology space H"'{L, V) of L as the factor space Z"'(L, V)/5C"'^^{L, V) (n > 0). 

Consider the dual space L* of L, then L* is a Z2-graded space, where L^ := {/3 G 
L*|/3(a;) = 0, V^ 7^ |x|}. Moreover, L* is a L-module: x ■ /3 = -(-l)l''ll^l/3ada; [10]. 

The base field K itself can be considered as Z2-graded, if one sets Kq = K, Kj = {0}. 
Then as a trivial graded L-module, C"(L,K)(?2 > 0,C°(L,K) = K) is the 2'2-graded 
vector space spanned by all n-linear homogenous mappings f of L x ■ ■ ■ x L into K 
satisfying 

where 0^(1, K), = {/ G C"(L, K)|/(xi, ■ ■ ■ , x„) = 0, if |a;i| + ■ ■ ■ + |a;„| + 7^ 0}. 

Let (L, [■,-]2,,a) be a hom-Lie superalgebras over a field K, L* = Lq Q) Lj be its 
dual space. Since L = Lq® Li and L* = Lg © L\ are Z2-graded spaces, the direct sum 

L®L* = {L-Q® Li) © {LI © L|) = (Lo © L?) © (Lj © L\) is Z2-graded. 

In the sequel, x + f E L Q) L* implies that x G L, f E L* and x + / is homogeneous 

satisfying \x + f\ = \x\ = |/|, then (-l)\^+f\\y+9\ = (_i)l^lli/l. 

Lemma 4.5. J^ Let ad 6e t/ie adjoint representation of a hom-Lie superalgebra (L, [-, ■]l, a), 
and /eit us consider the even linear map tt : L — t- pl{L*) defined by, 7r(x)(/)(y) = 
— (— 1)1^11-^1/ o ad(x)(|/), Vx, y G L. r/ien n is a representation of L on (L*,a) if and 
only if 

ad(x) o ad(a(y)) - (-l)l^ll^'ad(y) o ad(a(x)) = a o ad([x, i/]l). (11) 

VFe ca// the representation it the coadjoint representation of L 



Lemma 4.6. Under the above notations, let (L, [-, -JljO:) be a horn-Lie superalgebra, and 
u : L X L ^ L* be an even bilinear mapping. Assume that the coadjoint representation 
exists. The Z2-graded spaces L © L* , provided with the following bracket and linear map 
defined respectively by 

[x + f,y + qUl* = [x, y]L + oo{x, y) + 7r{x)g - {-lp\y\T,{y)f^ (12) 

a (x + /) = a{x) + f o a. (13) 

then {L(BL*, [■, ■]ls)L*, a) is a hom-Lie superalgebra if and only ifu is a 2-cocycle: LxL ^ 
L*, I.e. CO e Z^{L,L%. 

Proof. For any homogeneous elements x + f , y + g , z + h, & L (B L* , we obtain 

-{-l)\^M[y + g,X + fUL^ 

= -(-l)NIJ'l([y,x]z. + a;(t/,x) + 7r(y)/-(-l)l-ll^l7r(x)(7) 
= [x,y]L - (-l)l^ll^la;(i/,x) + 7r(x)(? - (-l)l-ll^l7r(x)/. 

Then (1) holds if and only ii co e C^{L, L*)q. Note that 



(-1)1- 
(-1)1- 

+ (-1) 
+ (-1) 
-(-1) 



W{x + f),[y + g,z + h]L(BL*]L(sL* + c.p.{x + f,y + g,z + h) 

[a{x),[y, z]l]l + c.p.{x,y, z) 

\'\uj{a{x), [y, z]l) + {-iy''^^'^TT{a{x))uj{y, z) + c.p(x, y, z) 

\Mo^{x)){jx{y)h) - (-l)l-IW+I^IW7r(«(x))(7r(^)^) 

'^'7r(b, z\L)f o a + c.p.{x + f,y + g,z + h). 



By the hom superJacobi identity , 

{-lp\^\[a{x),[y,z]LU + c.p.{x,y,z)=0. 

on the other hand 

{-l)\-\\'\7r{a{x)){Tr{y)h) - {-lp\'\+\y\\\{a{x)){n{z)g) 
-(-lp\y\n{[y,z]L)foa + c.p. 
= (-l)l^ll-l7r(«(y))(7r(^)/) - (-l)l^ll^l+l-ll^l7r(«(^))(7r(i/)/) - (-lp\y\n{[y, z]L)f o a 
+ {-lf\\y\T,{a{z)){'K{x)g) - {-lp\'\^\y\\'\^{a{x)){^{z)g) - {-l)\y\\'\^{\z,x\L)g o a 
+ (-l)l-ll^l7r(a(x))(7r(i/)/i) - (-l)l^ll-l+l^ll-l7r(a(y))(7r(x)/i) - {-l)\'\\M\x. vWh o a. 

Since n is the coadjoint representation of L, we have 

(-1 



-l7r([x,|/]L)/ioa 

'\\y\hiaoadi[x,y]L)) 

"ll^l/iad(a;)ad(a(|/)) + (-l)l-ll^l+l"ll^l/iad(|/)ad(a(a;)) 



?/| + |2||a;| 



TT 



»/i)(ad(a(y))) - (-l)l-ll^l(7r(|/)/i)(ad(a(x))) 



-\\y\+\-\\-\TT{aiy))iTr{x)h) + (-l)l-ll^l7r(a(a:))(7r(i/)/i). 



10 



Therefore, we have 

(-l)l^ll^l7r(a(x))7r(i/)/i - (-l)l^ll^l+l"ll^l7r(a(i/))7r(x)/i - (-l)l^ll^l7r([x, y]L)h o a = 0. 

Obviously, 

(-l)I^IW7r(a(x))(7r(i/)/i)-(-l)l^ll^l+l^ll^l7r(a(x))(7r(z)^)-(-l)l^ll^l7r([i/,z]i)/oa + c.p. = 0. 

Consequently, 

i-lp^^^ia {x + f),[y + g,z + h]nh + c.p.{^ + f,y + 9,z + h) = 0. 

if and only if 

= 7r{a{x)){oo{y, z)) - (-l)l"ll^l7r(«(y))(a;(a:, z)) + (-l)(l"'+l^l)l^l7r(a(2))(a;(x, y)) 
+uj{a{x), [y,z]L) + {-iyy\\'\uj{[x,z]L,a{y)) - uj{[x,y]L,a{z)). 

That is w G Z^{L,L*). 

Then confirmation holds if and only if a; G Z'^[L,L*)q. Consequently, we prove the 

lemma. D 

Clearly, L* is an abelian hom-Lie superalgebra ideal of {L © L*, [■,-]a'^'^ ) ^^^ -^ 
is isomorphic to the factor hom-Lie superalgebra (L © L*)/L*. Moreover, consider the 
following supersymmetric bilinear form gj, on L © L* for all x + /, y + (7 G L © L*: 

qiix + f,y + g) = f{y) + {-lp\y\g{x). 

Then we have the following lemma: 

Lemma 4.7. Let L, L* , u and qi be as above. Then the triple {L © L*,qL,a ) is a 
quadratic hom-Lie superalgebra if and only if uj is supercyclic in the following sense: 



w 



(x, y){z) = (-1)1^1(1^1+1^1)^(1/, z){x) for all x,y,ze L. 



Proof. The supersymmetric bilinear form q^ is nondegenerate:if x + / is orthogonal 
to all elements of L © L*, then f{%)) = and {—iy^'''^'g{x) = 0, which implies that x = 
and / = 0. 

Now suppose x-\-f,y-\-g,z-\-hEL(BL*, then we have 

qiiix + f,y + g]L®L*, z + h) 
= qL{[x, y]L + co{x, y) + Ti{x)g - [-l)\-\\y\n{y)f, z + h) 
= co{x,y)iz) + inix)g)iz) - (-l)NI^I(7r(t/)/)(^) + (-l)l^l(l-l+l^l)M[x,y]^) 
= u{x,y){z) - (-l)l-ll^l(?([x,^]z.) + f{[y,z]L) + {-lf^^^^^^^y^^h{[x,y]L). 
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On the other hand, 

<1l{x + f,[y + g,z + h]L(BL*) 
= qL{x + /, b, z]l + uj{y, z) + 7r(i/)/i - (-l)l^ll"l7r(2;)^) 
= /([y, ^]l) + (-l)l^l(l^l+W)c^(y, z)(x) + (-l)l^l(l^l+W)(7r(i/)/i)(x) 

_(_l)kl(l?/l+kl)+l!/kl(7r(2)^)(a;) 

= J{\y.zV) + (-l)l^l(l^l+l^l)a;(i/,z)(x) + (-l)l^l(I^W^I)Mk,l/]L) - (-l)l^ll^l^([x,z]^). 
Hence the lemma follows. D 

Now, for a supercyclic 2-cocycle lo we shall call the quadratic hom-Lie superalgebra 
{L (B L*,qL,a) the T*-extension of L (by u) and denote the hom-Lie superalgebra {L © 

L*,[-r]mL*,a')hyT:L. 

Definition 4.8. Let L be a hom-Lie superalgebra over a field K. We inductively define 
a derived series 

(L("))„>o : i:(°) = L, L("+i) = [L("\l(")], 

a central descending series 

{L)n>o : L = L, L^ = [L'^,L\, 
and a central ascending series 

(C„(L))„>o : Co{L) = 0,Cn+i{L) = C{Cn{L)), 

where C{I) = {a & L\[a, L] C /} for a subspace I of L. 

L is called solvable and nilpotent(of length k) if and only if there is a (smallest) integer 
k such that L^^^ = and L^ = 0, respectively. 

In the following theorem we discuss some properties of a T*L. 
Theorem 4.9. Let {L, [■, -J^, a) be a hom-Lie superalgebra over a field K. 

(1) If L is solvable (nilpotent) of length k, then the T* -extension T*L is solvable (nilpo- 
tent) of length r, where k < r <k + l{k < r < 2k — 1) . 

(2) If L is nilpotent of length k, so is the trivial T* -extension TqL. 

(3) If L is decomposed into a direct sum of two hom-Lie superalgebra ideals of L, so is 
the trivial T* -extension T^L. 

Proof. (1) Suppose first that L is solvable of length k. Since {T*Lf"'^/L* = L^") 
and L^^^ = 0, we have {T*L)^^^ C L*, which implies {T*L)^^^''^ = because L* is abehan, 
and it follows that T*L is solvable of length k or k -\- 1. 
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Suppose now that L is nilpotent of length k. Since {T*L)"-/L* = L"^ and L^ = 0, 
we have (T^L)'^ C L*. Let /3 G (T^L)'' C L*,b e L, x^ + h,--- ,Xk^^ + /fe_i G T^L, 
l<i<A; — 1, we have 

[[■■{/3,Xi + /i]l©L*, ■■■]L®L''-,Xk-l + /fc-l]LeL*(&) 

= /3ada;i ■ ■ ■ a.dxk^i{h) = /3([xi, [-, [xk-i, &]l-]l]l) e l^iL'') = 0. 

This proves that {T*LY^^^ = 0. Hence T*L is nilpotent of length at least k and at most 
2k -1. 

(2) Suppose that L is nilpotent of length k. Adopting the notations of the proof of 
part (1), for Xk + fk ^ TqL, one has 

[Xl + /l, [-, [Xk-l + fk-l, Xk + /fe]L®L*-]i®L*]L®L* 

k 

= [Xi, [-, [Xk-l,Xk]L--]L]L + ^[Xl, [-, [Xi-i, [fi, [Xi+i, [-, [a;fc-l,Xfc]-]]]]--]] 

= adxi ■ ■ ■ adxk-i{xk) + /i[ada;2, [-, [ada;jfc_i, adx^]-]] 
fe-i 



+ {-1)''-^ JJ(-l)l^"l(l^>+il+-+l^'=IVfcadxfc_i ■ ■ ■ ada:i 
1=1 

k-2 

+ (_l)fc-2 J](_i)l--l(l-«+il+-+l-'=l)/,_,adxfeadxfc_2 ■ ■ ■ adxi 



fc-2 i-1 



+ 5^n(-l)"'(-l)'"''^'"'^'""'"^'"''^^^[^^^^+i' [■■■' [adxfc_i,ada;feH]ada;,„i • • -adxi, 

i=2 j=l 

where we use the fact that ad[a;, y] = [adx, ady], Va;,i/ G L. Note that 

adxi ■ ■ ■ adxk-i{xk) G L^ = 0, 
/i[ada;2, [-, [adx^.i, ada;fc]--](L) C /i(L^) = 0, 

fkadxk-i ■ ■ ■adxi(L) C ak{L'') = 0, 
/fc_iadxfcadxfc_2 ■ ■ ■ adxi(L) C fk-i{L^) = 0, 

and 

fi[adxi+i, [-, [adxfc.i, adajj-jjada;,.! ■ ■ ■ ada;i(L) C fi{f'') = 0, 

then the right hand side of the equation vanishes and hence (Tq*L)^ = 0. 

(3) Suppose that ^ L = I(BJ, where / and J are two nonzero hom-Lie superalgebra 
ideals of (L[-,-]^,a). Let /*(resp. J*) denote the subspace of all linear forms in L* 
vanishing on J(resp. /). Clearly, /*(resp. J*) can canonically be identified with the dual 
space of /(resp. J) and L* = /* © J*. 

Since [r,L]L^L*{J) = I*{[L,J]l) C I*{J) = and [/, L*]l®l*(J) = L*{[I,J]l) C 
L*(/n J) = 0, we have [1*,^]^®/.. C /* and [I,L*]LeBL* ^ /*. Then 

[t*i,t*lUl' = [i®r,L®L*UL' 

= [I, l]l + [/, l*]l^l* + [r , l]l^l* + [r , l*]l^l' ^i®r = t*i. 
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It is clear that TqI is a Z2-graded space, then TqI is a horn-Lie superalgebra ideal of 
L and so is T^J in the same way. Hence TqL can be decomposed into the direct sum 
TqI © TqJ of two nonzero hom-Lie superalgebra ideals of TqL. D 

In the proof of a criterion for recognizing T*-extensions of a hom-Lie superalgebra, 
we will need the following result. 

Lemma 4.10. Let {L,qL,a) be a quadratic hom-Lie superalgebra of even dimension n 
over a field K and I be an isotropic n/ 2- dimensional subspace of L. Then I is a hom-Lie 
superalgebra of (L, [-, -j^,, a) if and only if I is abelian. 

Proof. Since dimJ+dim/-'- = n/2 + dim/-'- = n and / C /-*-, we have 1 = 1-^. 

If/ is a hom-Lie superalgebra ideal of (L, [-, -Jl, a), then qi^L, [I, /-*-]) = qiilL, I], /^) C 
g^(/, /^) = 0, which implies [/, /] = [/, /^] C L^ = 0. 

Conversely, if [/, /] = 0, then /(/, [/,L]) = /([/,/], L) = 0. Hence [/, L] C /^ = /. 
This implies that / is an ideal of (L, [-, -Jl, a). D 

Theorem 4.11. Let {L,qL,a) be a quadratic hom-Lie superalgebra of even dimension 
n over a field K of characteristic not equal to two. Then {L,qL,a) is isometric to a 
T* -extension iT*B,qB, (3 ) if and only if n is even and (L, [-, ■]L,Ci) contains an isotropic 
hom-Lie superalgebra ideal I of dimension n/2. In particular, B = L/I . 

Proof. (^^) Since dim/?=dim/?*, diYaT*B is even. Moreover, it is clear that B* is 
a hom-Lie superalgebra ideal of half the dimension of T*B and by the definition of qs, 
we have qB{B*,B*) = 0, i.e., B* C (B*)^ and so B* is isotropic. 

{'^=) Suppose that / is an n/2-dimensional isotropic hom-Lie superalgebra ideal of L. 
By Lemma I4.10[ / is abelian. Let B = L/I and p : L ^ B he the canonical projection. 
Clearly, \p{x)\ = |a;|,Vx G L. Since chK ^ 2, we can choose an isotropic complement 
subspace Bq to / in L, i.e., L = Bq + I and Bq C Bq. Then Bq = Bq since dim/?o = n/2. 

Denote by po (resp. pi) the projection L ^ Bq (resp. L ^ I) and let g2 denote the 
homogeneous linear mapping I ^ B* : i \-^ olij)^ where q*i^{i){p{x)) := qL{i,x),\/x G L. 
We claim that q1 is a linear isomorphism. In fact, if p{x) = p{y), then x — y & I, hence 
qiiiyX — y) G qL{I,I) = and so qiii.x) = qiii.y), which implies g2 is well-defined and 
it is easily seen that g2 is linear. If g2(^) = 5'2(j), then q*^{i){p[x)) = ql{j){p{x)),\/x G L, 
i.e., qiii.x) = qL{j,x), which implies i — j E L^ = 0, hence q^ is injective. Note that 
dim/ = dim/?*, then q^ is surjective. 

In addition, g^ has the following property: 
Ql{[x,i]){piy)) = QL{[x,i]L,y) = -(-l)l^ll'lgL([i,x]L,y) = -(-l)l^ll*lgi(i, [x,y]L) 

= ~{-it^^'^qUM[x,y]L) = -(-i)i^ii\2Wb(^),p(?/)]L 

= -(-l)l-ll^lg2(0(adp(x)(p(i/))) = in{p{x))ql{^)){p{y)) 

= \pix),ilii)]L(BL4piy))- 
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where x,y E L, i E I. A similar computation shows that 

Qli[x,i]) = [p{x),ql{i)]L(BL', q*L{[i,x]) = [qUi),p{x)]L(BL*- 

Define a homogeneous bihnear mapping 

cu: B X B — > B* 

{p{bo),Pm ^ qUp^{[bo,b',])), 

where bo, b'^ G Bq. Then \w\ = and w is well-defined since the restriction of the projection 
p to Bq is a linear isomorphism. 

Now, define the bracket on B (B B* by (12), we have B (B B* is a Z2-graded algebra. 
Let ip be the linear mapping L ^ B ® B* defined by (^ipQ + i) = pipo) + ql{i),\/bo + i E 
Bq + I = L. Since the restriction of p to Bq and q^ are linear isomorphisms, (/? is also a 
linear isomorphism. Note that 

(/9([6o + i,bo + i]l) = Vih, b'oJL + [bo, Al + \h &o]l) 
= ^(po([&o,&o]l) +Pi([&o,&o]l) + %,Al + [^,&o]l) 
= p(Po([&o,&o]l)) + gI(pi([&o,&[,]L) + \b^,AL + [^,&o]l) 

= [p(&o),p(&o)]l + c^(p(&o),p(&[,)) + b(&o),g2(0]L + [gI(0,p(&o)]L 

= [p(&o),p(&o)]l + c.(p(6o),p(6[,)) + 7r(p(6o)(g2(0) - {-if'^^'Mp^^MS)) 
= [p{bo) + ql{^,p{bo) + ql{t')]BeB* 
= [v{bo + i),v{bo + i')]L(BL*- 

Then ip is an isomorphism of Z2-graded algebras, and so {B®B* , [■, ■\b®b*, P) is a hom-Lie 
superalgebra. Furthermore, we have 

qsi^ibo + i), ^{b'o + i')) = qsipibo) + ql{i),p%) + ql{i')) 

= g2(0(p(&o)) + (-i)''""'"'?2(^')(p(&o)) 

= qL{bo + i,b'o + i'), 

then if is isometric. The relation 

qB{[ip{x),^{y)],^{z)) = qB{f{[x,y]),<p{z)) 

= qiilx, y],z) = qiix, [y, z\) = qsivix), Mv), v{z)]) 

implies that qs is a nondegenerate invariant supersymmetric bilinear form, and so {B © 
B*,qB,P ) is a quadratic hom-Lie superalgebra. In this way, we get a T*-extension T*B 
of B and consequently, (L, g^, a) and (T*B, qs, f3 ) are isometric as required. D 

The proof of Theorem 4.10 shows that the homogeneous bilinear mapping u depends 
on the choice of the isotropic subspace Bo of L complement to the hom-Lie superalgebra 
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ideal /. Therefore there may be different T*-extensions describing the "same" quadratic 
hom-Lie super algebras. 

Let(L, [-, ■]l, a) be a hom-Lie superalgebra over a field K. and let wi : L x L — )■ L* 
and U2 : L X L ^ L* he two different supercyclic 2-cocycles satisfying |ci;i| = |ci;2| = 0. 
The T*-extensions T*^L and T^^-^ °^ -^ ^^^ ^^^^ ^° ^^ equivalent if there exists an 
isomorphism of hom-Lie superalgebra (p : T*_^L — t- T*,^L which is the identity on the 
hom-Lie superalgebra ideal L* and which induces the identity on the factor hom-Lie 
superalgebra algebra T*^L/L* ^ L ^ T*^L/L*. The two T*-extensions T*^L and T*^L are 
said to be isometrically equivalent if they are equivalent and is an isometry. 

Proposition 4.12. Let L be a hom-Lie superalgebra over a field K of characteristic not 
equal to 2, and ui, u^ be two homey die 2-cocycles L x L ^^ L* satisfying \uJi\ = 0. Then 
we have 

(i) T*^L is equivalent to T*^L if and only if there is z & C^iL, L*)q such that 

uJi{x,y)-UJ2{x,y) = TT{x)z{y) - (-l)l^ll^l7r(y)2;(x) - z([x,i/]l), Vx,y G L. (14) 

// this is the case, then the supersymmetric part Zg of z, defined by Zs{x){y) : = 
^{z{x){y) + {—l)^^^^y^z(y)(x)), for all x,y G L, induces a supersymmetric invariant 
bilinear form on L. 

(a) T*^L is isometrically equivalent to T*^L if and only if there is z & C^{L,L*)q such 
that (TT4l) holds for all x,y & L and the supersymmetric part Zg of z vanishes. 

Proof, (i) T*_^L is equivalent to T*^L if and only if there is an isomorphism of hom-Lie 
superalgebra $ : T*^L — )■ T*,^L satisfying $1^. = 1^. and x — $(x) G L*, Vx G L. 

Suppose that $ : T*_^L -^ T*^L is an isomorphism of hom-Lie superalgebra and 
define a linear mapping z : L — t- L* by z{x) := $(x) — x, then z G C^{L, L*)q and for all 
x + f,y + g eT*^L,we have 

mx + f,y + g]n) 
= $([x, y]L + UJi{x, y) + Ti{x)g - (-l)l^'ll'^l7r(y)/) 
= [x, y]L + z{[x, y]L) + wi(x, y) + 'K{x)g - (-l)l^ll^l7r(y)/. 

On the other hand, 

[^{x + f)My + 9)] 

= [x + z{x) + f,y + z{y)+ g] 

= [x, y]L + co^ix, y) + T,{x)g + T^{x)z{y) - (-l)l-ll^l7r(y)^(x) - {-if^WMv) f ■ 

Since $ is an isomorphism, (14) holds. 

Conversely, if there exists z G C^{L,L*)q satisfying (12), then we can define $ : 
T*^L —7- T*^L by <l>(x + /) := x + z{x) + /. It is easy to prove that $ is an isomorphism 
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of horn-Lie superalgebra such that $1^. = 1^. and x — ^{L) G L*, Vx G L, i.e., T*_^L is 
equivalent to T*^L. 

Consider the supersjTiimetric bihnear form g/, : L x L — )■ K, (x, y) i-)- Zs{x){y) induced 
by Zs- Note that 

ui{x,y){m) - U2ix, y){m) 
= n{x)z{y){m) - (-l)l^ll^l7r(y)2;(x)(m) - z{[x,y]L){m) 
= (-l)l"ll^lz(y)([x, m]L) + z{x){[y, m]^) - z{[x, y]L){m) 

and 

(-lp(\y\+\-^\)(cu,iy,m)ix) - U2iy,m)ix)) 
= (-l)\-\(\y\+\"^\){rc{y)zim)ix) - (-l)l^'H^(^)^(^)(a;) _ ^([^^^]^)(a;)) 

Since both wi and a;2 are homcyhc, the right hand sides of above two equations are equaL 
Hence 

(-lp\y\z{y){[x,m]L) + z{x){[y,m]L) - z{[x,y]L){m) 
= (-l)\-^\(\-\+\y\)z(m){[x,y]L) + (-l)l^ll^l^(y)([x,m]i) - (-l)N(l^l+H)^([i/,m]i)(x). 

That is 

z{x)i[y,m]L) + i-lp^\y\+\"'\hi[y,m]L)ix) = z([x,y]z.)(m) + (-l)H(N+IJ/l)^(,ri)([x,y]L). 

Since chK 7^ 2, Ql^x, [y,m]) = qL{[x,y],m), which proves the invariance of the supersym- 
metric bihnear form qi induced by Zg- 

(ii) Let the isomorphism $ be defined as in (i). Then for aA\x + f,y + g&L(B L*, 
we have 

gB($(x + /), $(2/ + ^)) = qeix + z{x) + f,y + z{y) + g) 
= zix){y) + f{y) + {-lt\\y\z{y){x) + g{x)) 
= z{x){y) + {-l)\^\\y\z{y){x) + f{y) + {-l)\^\\y\g{x) 
= 2zs{x){y) + qBix + f,y + g). 

Thus $ is an isometry if and only if 2;^ = 0. D 
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